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Quantum affine Gelfand-Tsetlin bases and quantum
toroidal algebra via K-theory of affine Laumon spaces
Alexander Tsymbaliuk
Abstract. Laumon moduli spaces are certain smooth closures of the moduli spaces of maps
from the projective line to the flag variety of GLn. We construct the action of the quantum
loop algebra Uv(Lsln) in theK-theory of Laumon spaces by certain natural correspondences.
Also we construct the action of the quantum toroidal algebra U¨v(ŝln) in the K-theory of
the affine version of Laumon spaces.
1. Introduction
This note is a sequel to [3, 4]. The moduli spaces Qd were introduced by G. Laumon in [9]
and [10]. They are certain partial compactifications of the moduli spaces of degree d based
maps from P1 to the flag variety Bn of GLn. The authors of [3, 4] considered the localized
equivariant cohomology R =
⊕
dH
•
T˜×C∗
(Qd)⊗H•
T˜×C∗
(pt) Frac(H
•
T˜×C∗
(pt)) where T˜ is a Cartan
torus of GLn acting naturally on the target Bn, and C
∗ acts as “loop rotations” on the source
P1. They constructed the action of the Yangian Y (sln) on R, the new Drinfeld generators acting
by natural correspondences.
In this note we write (in style of [4]) the formulas for the action of ”Drin-
feld generators” of the quantum loop algebra in the localized equivariant K-theory
M =
⊕
dK
T˜×C∗(Qd) ⊗KT˜×C∗ (pt) Frac(K
T˜×C∗(pt)). In fact, the correspondences defining this
action are very similar to the correspondences used by H. Nakajima [13] to construct the
action of the quantum loop algebra in the equivariant K-theory of quiver varieties.
We prove the main theorem directly by checking all relations in the fixed point basis.
There is an affine version of the Laumon spaces, namely the moduli spaces Pd of parabolic
sheaves on P1×P1, a certain partial compactification of the moduli spaces of degree d based maps
from P1 to the ”thick” flag variety of the loop group ŜLn, see [5]. The similar correspondences
give rise to an action of the quantum toroidal algebra U¨v(ŝln) on the sum of localized equivariant
K-groups V =
⊕
dK
T˜×C∗×C∗(Pd) ⊗KT˜×C∗×C∗(pt) Frac(K
T˜×C∗×C∗(pt)) where the second copy
of C∗ acts by the loop rotation on the second copy of P1 (Theorem 4.13).
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Since the fixed point basis of M corresponds to the Gelfand-Tsetlin basis of the universal
Verma module over Uv(gln) (Theorem 6.3 in [3]), we propose to call the fixed point basis of V
the affine Gelfand-Tsetlin basis. We expect that the specialization of the affine Gelfand-Tsetlin
basis gives rise to a basis in the integrable Uv(ĝln)-modules (which we also propose to call the
affine Gelfand-Tsetlin basis). We expect (see 4.17) that the action of U¨v(ŝln) on the integrable
Uv(ĝln)-modules coincides with the action of Uglov and Takemura [16]. It seems likely that these
U¨v(ŝln)–modules are obtained by the application of the Schur functor ([7]) to the irreducible
X-semisimple modules over the double affine Cherednik algebra H¨n(v) of type An−1, see [14].
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2. Laumon spaces and quantum loop algebra Uq(Lsln)
2.1. Laumon spaces
We recall the setup of [2, 3, 4]. Let C be a smooth projective curve of genus zero. We fix
a coordinate z on C, and consider the action of C∗ on C such that v(z) = v−2z. We have
CC
∗
= {0,∞}.
We consider an n-dimensional vector space W with a basis w1, . . . , wn. This defines a
Cartan torus T ⊂ G = GLn ⊂ Aut(W ). We also consider its 2
n-fold cover, the bigger torus T˜ ,
acting on W as follows: for T˜ ∋ t = (t1, . . . , tn) we have t(wi) = t
2
iwi. We denote by B the flag
variety of G.
Given an (n−1)-tuple of nonnegative integers d = (d1, . . . , dn−1), we consider the Laumon’s
quasiflags’ space Qd, see [10], 4.2. It is the moduli space of flags of locally free subsheaves
0 ⊂W1 ⊂ · · · ⊂Wn−1 ⊂W =W ⊗ OC
such that rank(Wk) = k, and deg(Wk) = −dk. It is known to be a smooth projective variety of
dimension 2d1 + · · ·+ 2dn−1 + dimB, see [9], 2.10.
We consider the following locally closed subvariety Qd ⊂ Qd (quasiflags based at ∞ ∈ C)
formed by the flags
0 ⊂W1 ⊂ · · · ⊂Wn−1 ⊂W =W ⊗ OC
such that Wi ⊂ W is a vector subbundle in a neighbourhood of ∞ ∈ C, and the fiber of Wi
at ∞ equals the span 〈w1, . . . , wi〉 ⊂ W . It is known to be a smooth quasiprojective variety of
dimension 2d1 + · · ·+ 2dn−1.
2.2. Fixed points
The group G × C∗ acts naturally on Qd, and the group T˜ × C
∗ acts naturally on Qd. The set
of fixed points of T˜ × C∗ on Qd is finite; we recall its description from [6], 2.11.
Let d˜ be a collection of nonnegative integers (dij), i ≥ j, such that di =
∑i
j=1 dij , and for
i ≥ k ≥ j we have dkj ≥ dij . Abusing notation we denote by d˜ the corresponding T˜ × C
∗-fixed
point in Qd:
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W1 = OC(−d11 · 0)w1,
W2 = OC(−d21 · 0)w1 ⊕ OC(−d22 · 0)w2,
...
Wn−1 = OC(−dn−1,1 · 0)w1 ⊕ OC(−dn−1,2 · 0)w2 ⊕ · · · ⊕ OC(−dn−1,n−1 · 0)wn−1.
Notation: Given a collection d˜ as above, we will denote by d˜+ δi,j the collection d˜
′, such
that d˜′i,j = d˜i,j+1, while d˜
′
p,q = d˜p,q for (p, q) 6= (i, j) (in all our cases it will satisfy the required
conditions, though in general as defined it might not).
2.3. Correspondences
For i ∈ {1, . . . , n − 1}, and d = (d1, . . . , dn−1), we set d + i := (d1, . . . , di + 1, . . . , dn−1). We
have a correspondence Ed,i ⊂ Qd × Qd+i formed by the pairs (W•,W
′
•) such that for j 6= i we
have Wj = W
′
j , and W
′
i ⊂ Wi, see [6], 3.1. In other words, Ed,i is the moduli space of flags of
locally free sheaves
0 ⊂W1 ⊂ · · · ⊂Wi−1 ⊂W
′
i ⊂Wi ⊂Wi+1 ⊂ · · · ⊂Wn−1 ⊂W
such that rank(Wk) = k and deg(Wk) = −dk, while rank(W
′
i) = i and deg(W
′
i) = −di − 1.
According to [9], 2.10, Ed,i is a smooth projective algebraic variety of dimension 2d1 +
· · ·+ 2dn−1 + dimB+ 1.
We denote by p (resp. q) the natural projection Ed,i → Qd (resp. Ed,i → Qd+i). We also
have a map s : Ed,i → C,
(0 ⊂W1 ⊂ · · · ⊂Wi−1 ⊂W
′
i ⊂Wi ⊂Wi+1 ⊂ · · · ⊂Wn−1 ⊂W) 7→ supp(Wi/W
′
i).
The correspondence Ed,i comes equipped with a natural line bundle Li whose fiber at a
point
(0 ⊂W1 ⊂ · · · ⊂Wi−1 ⊂W
′
i ⊂Wi ⊂Wi+1 ⊂ · · · ⊂Wn−1 ⊂W)
equals Γ(C,Wi/W
′
i). Finally, we have a transposed correspondence
T
Ed,i ⊂ Qd+i × Qd.
Restricting to Qd ⊂ Qd we obtain the correspondence Ed,i ⊂ Qd×Qd+i together with the
line bundle Li and the natural maps p : Ed,i → Qd, q : Ed,i → Qd+i, s : Ed,i → C\{∞}.
We also have a transposed correspondence TEd,i ⊂ Qd+i ×Qd. It is a smooth quasiprojective
variety of dimension 2d1 + . . .+ 2dn−1 + 1.
2.4. Equivariant K-groups
We denote by ′M the direct sum of equivariant (complexified) K-groups:
′M = ⊕dK
T˜×C∗(Qd).
It is a module over K T˜×C
∗
(pt) = C[T × C∗] = C[x1, . . . , xn, v]. We define
M = ′M ⊗KT˜×C∗ (pt) Frac(K
T˜×C∗(pt)).
We have an evident grading
M = ⊕dMd, Md = K
T˜×C∗(Qd)⊗KT˜×C∗ (pt) Frac(K
T˜×C∗(pt)).
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2.5. Quantum universal enveloping algebra Uv(gln)
For the quantum universal enveloping algebra Uv(gln) we follow the notations of section 2
of [11]. Namely, Uv(gln) has generators t
±1
1 , . . . , t
±1
n , e1, . . . , en−1, f1, . . . , fn−1 with the following
defining relations (formulas (2.1) of loc. cit.):
titj = tjti, tit
−1
i = t
−1
i ti = 1 (1)
tiej t
−1
i = ejv
δi,j−δi,j+1 , tifjt
−1
i = fjv
−δi,j+δi,j+1 (2)
[ei, fj ] = δi,j
ki − k
−1
i
v − v−1
, ki = tit
−1
i+1 (3)
[ei, ej ] = [fi, fj] = 0 (|i− j| > 1) (4)
[ei, [ei, ei±1]v]v = [fi, [fi, fi±1]v]v = 0, [a, b]v := ab− vba (5)
The subalgebra generated by {ki, k
−1
i , ei, fi}1≤i≤n−1 is isomorphic to Uv(sln). We denote
by Uv(gln)≤0 the subalgebra of Uv(gln) generated by ti, t
−1
i , fi. It acts on the field C(T˜ × C
∗)
as follows: fi acts trivially for any 1 ≤ i ≤ n − 1, and ti acts by multiplication by tiv
i−1. We
define the universal Verma module M over Uv(gln) as M := Uv(gln)⊗Uv(gln)≤0 C(T˜ × C
∗).
We define the following operators on M :
ti = tiv
di−1−di+i−1 : Md →Md (6)
ei = t
−1
i+1v
di+1−di−i+1p∗q
∗ : Md →Md−i (7)
fi = −t
−1
i v
di−di−1+iq∗(Li ⊗ p
∗) : Md →Md+i (8)
The following result is Theorem 2.12 of [2].
Theorem 2.6. These operators satisfy the relations in Uv(gln), i.e. they give rise to the action
of Uv(gln) on M . Moreover, there is a unique isomorphism Ψ : M → M carrying [OQ0 ] ∈ M
to the lowest weight vector 1 ∈ C(T˜ × C∗) ⊂M.
Remark 2.7. These notations coincide with those from [2] (see Theorem 2.12 and Conjecture 3.7
of loc. cit.) after the Chevalley involution and a slight renormalization (which makes formulas
slightly shorter).
2.8. Gelfand-Tsetlin basis of the universal Verma module
The construction of the Gelfand-Tsetlin basis for the representations of quantum gln goes back
to M. Jimbo [8]. We will follow the approach of [11]. To a collection d˜ = (dij), n − 1 ≥ i ≥ j,
we associate a Gelfand-Tsetlin pattern Λ = Λ(d˜) := (λij), n ≥ i ≥ j, as follows: v
λnj :=
tjv
j−1, n ≥ j ≥ 1; vλij := tjv
j−1−dij , n− 1 ≥ i ≥ j ≥ 1. Now we define ξd˜ = ξΛ ∈ M by the
formula (5.12) of [11]. According to Proposition 5.1 of loc. cit., the set {ξd˜} (over all collections
d˜) forms a basis of M.
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According to the Thomason localization theorem, restriction to the T˜ ×C∗-fixed point set
induces an isomorphism
K T˜×C
∗
(Qd)⊗KT˜×C∗ (pt) Frac(K
T˜×C∗(pt))
∼
−→K T˜×C
∗
(QT˜×C
∗
d )⊗KT˜×C∗(pt) Frac(K
T˜×C∗(pt))
The structure sheaves [d˜] of the T˜ × C∗-fixed points d˜ (see 2.2) form a basis in⊕
dK
T˜×C∗(QT˜×C
∗
d ) ⊗KT˜×C∗ (pt) Frac(K
T˜×C∗(pt)). The embedding of a point d˜ into Qd is a
proper morphism, so the direct image in the equivariant K-theory is well defined, and we will
denote by {[d˜]} ∈ Md the direct image of the structure sheaves of the point d˜. The set {[d˜]}
forms a basis of M .
The following result is Theorem 6.3 of [3] and Corollary 2.20 of [2].
Theorem 2.9. a) Isomorphism Ψ : M
∼
−→M of Theorem 2.6 takes {[d˜]} to
(v2 − 1)−|d|
∏
j
t
∑
i≥j di,j
j v
∑
i
idi−
|d|
2 −
∑
i,j d
2
i.j
2 ξd˜.
b) Matrix coefficients of the operators ei, fi in the fixed point basis {[d˜]} ofM are as follows:
fi[d˜,d˜′] = −t
−1
i v
di−di−1+it2jv
−2di,j×
(1− v2)−1
∏
j 6=k≤i
(1− t2j t
−2
k v
2di,k−2di,j )−1
∏
k≤i−1
(1− t2j t
−2
k v
2di−1,k−2di,j )
if d˜′ = d˜+ δi,j for certain j ≤ i;
ei[d˜,d˜′] = t
−1
i+1v
di+1−di+1−i×
(1− v2)−1
∏
j 6=k≤i
(1− t2kt
−2
j v
2di,j−2di,k)−1
∏
k≤i+1
(1 − t2kt
−2
j v
2di,j−2di+1,k)
if d˜′ = d˜− δi,j for certain j ≤ i.
All the other matrix coefficients of ei, fi vanish.
2.10. Quantum loop algebra Uv(Lsln)
Let (akl)1≤k,l≤n−1 = An−1 stand for the Cartan matrix of sln. For the quantum loop algebra
Uv(Lsln) we follow the notations of [13]. Namely, the quantum loop algebra Uv(Lsln) is an
associative algebra over Q(v) generated by ek,r, fk,r, v
±hk , hk,m (1 ≤ k, l ≤ n − 1, r ∈ Z,m ∈
Z \ {0}) with the following defining relations:
ψsk(z)ψ
s′
l (w) = ψ
s′
l (w)ψ
s
k(z) (9)
(z − v±aklw)ψsl (z)x
±
k (w) = x
±
k (w)ψ
s
l (z)(v
±aklz − w) (10)
[x+k (z), x
−
l (w)] =
δkl
v − v−1
{δ(w/z)ψ+k (w) − δ(z/w)ψ
−
k (z)} (11)
(z − v±2w)x±k (z)x
±
k (w) = x
±
k (w)x
±
k (z)(v
±2z − w) (12)
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(z − v±ak,lw)x±k (z)x
±
l (w) = x
±
l (w)x
±
k (z)(v
±ak,lz − w), k 6= l (13)
{xsi (z1)x
s
i (z2)x
s
i±1(w)−(v+v
−1)xsi (z1)x
s
i±1(w)x
s
i (z2)+x
s
i±1(w)x
s
i (z1)x
s
i (z2)}+{z1 ←→ z2} = 0
(14)
where s, s′ = ±. Here δ(z), x±k (z), ψ
±
k (z) are generating functions defined as following
δ(z) :=
∞∑
r=−∞
zr, x+k (z) :=
∞∑
r=−∞
ek,rz
−r, x−k (z) :=
∞∑
r=−∞
fk,rz
−r,
ψ±k (z) := v
±hk exp
(
±(v − v−1)
∞∑
m=1
hk,±mz
∓m
)
.
2.11. Action of Uv(Lsln) on M
For any 0 ≤ i ≤ n we will denote by Wi the tautological i-dimensional vector bundle on Qd×C.
Let pi : Qd × (C\{∞}) → Qd denote the standard projection. We define the generating series
bi(z) with coefficients in the equivariant K-theory of Qd as follows:
bi(z) := Λ
•
−1/z(pi∗(Wi |C\{∞})) = 1 +
∑
j≥1
Λj(pi∗(Wi |C\{∞}))(−z
−1)j : Md →Md[[z
−1]]
Let v stand for the character of T˜ ×C∗ : (t, v) 7→ v. We define the line bundle L′k := v
kLk
on the correspondence Ed,k, that is L
′
k and Lk are isomorphic as line bundles but the equivariant
structure of L′k is obtained from the equivariant structure of Lk by the twist by a character v
k.
We also define the operators
ek,r := t
−1
k+1v
dk+1−dk+1−kp∗((L
′
k)
⊗r ⊗ q∗) : Md →Md−k (15)
fk,r := −t
−1
k v
dk−dk−1+kq∗(Lk ⊗ (L
′
k)
⊗r ⊗ p∗) : Md →Md+k (16)
Consider the following generating series of operators on M :
x+k (z) =
∞∑
r=−∞
ek,rz
−r : Md →Md−k[[z, z
−1]] (17)
x−k (z) =
∞∑
r=−∞
fk,rz
−r : Md →Md+k[[z, z
−1]] (18)
ψ±k (z) =
±∞∑
r=0
ψ±k,rz
−r := t−1k+1tkv
dk+1−2dk+dk−1−1×
(
bk(zv
−k−2)−1bk(zv
−k)−1bk−1(zv
−k)bk+1(zv
−k−2)
)±
:Md →Md[[z
∓1]] (19)
where ( )
±
denotes the expansion at z =∞, 0, respectively.
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Theorem 2.12. These generating series of operators ψ±k (z), x
±
k (z) on M satisfy the relations in
Uv(Lsln), i.e. they give rise to the action of Uv(Lsln) on M .
Remark 2.13. For the quantum group Uv(sln) (generated by ek,0, fk,0, ψ
±
k,0 in Uv(Lsln)) we get
formulas (6–8). Formulas (17–19) are very similar to those for equivariant cohomology in [4].
Definition 2.14. To each d˜ we assign a collection of T˜ × C∗-weights si,j := t
2
jv
−2dij .
Proposition 2.15. a) The matrix coefficients of the operators fi,r, ei,r in the fixed point basis
{[d˜]} of M are as follows:
fi,r[d˜,d˜′] = −t
−1
i v
di−di−1+isi,j(si,jv
i)r(1− v2)−1
∏
j 6=k≤i
(1− si,js
−1
i,k )
−1
∏
k≤i−1
(1− si,js
−1
i−1,k)
if d˜′ = d˜+ δi,j for certain j ≤ i;
ei,r[d˜,d˜′] = t
−1
i+1v
di+1−di+1−i(si,jv
i+2)r(1− v2)−1
∏
j 6=k≤i
(1 − si,ks
−1
i,j )
−1
∏
k≤i+1
(1− si+1,ks
−1
i,j )
if d˜′ = d˜− δi,j for certain j ≤ i.
All the other matrix coefficients of ei,r, fi,r vanish.
b) The eigenvalue of ψ±i (z) on {[d˜]} equals
t−1i+1tiv
di+1−2di+di−1−1
∏
j≤i
(1−z−1vi+2si,j)
−1(1−z−1visi,j)
−1
∏
j≤i+1
(1−z−1vi+2si+1,j)
∏
j≤i−1
(1−z−1visi−1,j),
where it is expanded in z∓1 depending on the sign ±.
Proof. a) Follows directly from Theorem 2.9b).
b) Follows from the multiplicativity of Λ•z(L) on long exact sequences of coherent sheaves
and the fact that {si,j}j≤i is the set of T˜ ×C
∗-characters in the stalk of pi∗(Wi |C\{∞}) at the
fixed point {[d˜]} ∈ Qd. 
Now we formulate a corollary which will be used in Section 4. For any 0 ≤ m < i ≤ n
we will denote by Wmi the quotient Wi/Wm of the tautological vector bundles on Qd × C.
Similarly to the above, we introduce the generating series:
bmi(z) := Λ
•
−1/z(pi∗(Wmi |C\{∞})) : Md →Md[[z
−1]]
Corollary 2.16. For any m < i we have
ψ±i (z) |Md= t
−1
i+1tiv
di+1−2di+di−1−1
(
bmi(zv
−i−2)−1bmi(zv
−i)−1bm,i−1(zv
−i)bm,i+1(zv
−i−2)
)±
.
Proof. Since Λ•z(L) :=
∑
j≥0 z
iΛiL is multiplicative on long exact sequences, we have:
Λ•−1/z(Wi) = Λ
•
−1/z(Wm)Λ
•
−1/z(Wmi),
while on the other hand
Λ•−1/z(Wi) = bi(z), Λ
•
−1/z(Wmi) = bmi(z), Λ
•
−1/z(Wm) = bm(z).
Now the result follows from (19). 
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3. Proof of Theorem 2.12
Let us check equation (12) firstly. We will prove it for x−k (case x
+
k is entirely analogous).
Proof. We need to verify fi,a+1fi,b − v
−2fi,afi,b+1 = v
−2fi,bfi,a+1 − fi,b+1fi,a for any integers
a, b. Let us compute both sides in the fixed point basis:
a) [d˜, d˜′ = d˜+ δi,j1 + δi,j2 ] (j1 6= j2).(
fi,a+1fi,b − v
−2fi,afi,b+1
)
[d˜,d˜′]
= Pvi(a+b+1)×[
v2sbi,j1s
a+1
i,j2
(1− si,j1s
−1
i,j2
)−1(1− v2si,j2s
−1
i,j1
)−1 − sb+1i,j1 s
a
i,j2(1− si,j1s
−1
i,j2
)−1(1− v2si,j2s
−1
i,j1
)−1 + {j1 ←→ j2}
]
= Pvi(a+b+1)
[
(v2sbi,j1s
a+1
i,j2
− sb+1i,j1 s
a
i,j2)(1− si,j1s
−1
i,j2
)−1(1− v2si,j2s
−1
i,j1
)−1 + {j1 ←→ j2}
]
.
Similarly (
v−2fi,bfi,a+1 − fi,b+1fi,a
)
[d˜,d˜′]
= Pvi(a+b+1)×[
(sa+1i,j1 s
b
i,j2 − v
2sai,j1s
b+1
i,j2
)(1 − si,j1s
−1
i,j2
)−1(1 − v2si,j2s
−1
i,j1
)−1 + {j1 ←→ j2}
]
,
where
P = t−2i v
2di−2di−1+2i−1si,j1si,j2×
(1− v2)−2
∏
j1,j2 6=k≤i
(1− si,j1s
−1
i,k )
−1(1− si,j2s
−1
i,k )
−1
∏
k≤i−1
(1− si,j1s
−1
i−1,k)(1 − si,j2s
−1
i−1,k).
So we have to prove that
(sbi,j1s
a+1
i,j2
− v−2sb+1i,j1 s
a
i,j2 − v
−2sa+1i,j1 s
b
i,j2 + s
a
i,j1s
b+1
i,j2
)(1 − si,j1s
−1
i,j2
)−1(1 − v2si,j2s
−1
i,j1
)−1 =
(sbi,j1s
a
i,j2(si,j2 − v
−2si,j1)+ s
a
i,j1s
b
i,j2(si,j2 − v
−2si,j1))si,j1si,j2(si,j2 − si,j1)
−1(si,j1 − v
2si,j2)
−1 =
=
si,j1si,j2(s
a
i,j1s
b
i,j2 + s
b
i,j1s
a
i,j2)
v2(si,j1 − si,j2)
is antisymmetric with respect to {j1 ←→ j2} which is obvious.
b) [d˜, d˜′ = d˜+ 2δi,j1 ].
In this case define
P ′ := t−2i v
2di−2di−1+2i−1s2i,j1×
(1− v2)−2
∏
j1 6=k≤i
(1− si,j1s
−1
i,k )
−1(1− v−2si,j1s
−1
i,k )
−1
∏
k≤i−1
(1− si,j1s
−1
i−1,k)(1 − v
−2si,j1s
−1
i−1,k).
Then:(
fi,a+1fi,b − v
−2fi,afi,b+1
)
[d˜,d˜′]
= P ′vi(a+b+1)sa+b+1i,j1 (v
−2(a+1)−v−2v−2a) = 0 =
(
v−2fi,bfi,a+1 − fi,b+1fi,a
)
[d˜,d˜′]
.
So the equality holds again. 
Let us check (13) now. We will prove it only for x−k again.
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Proof. If |k − l| > 1 then it is obvious that in the fixed point basis the formulas are the same.
So let us check it for l = i + 1, k = i. In other words, for any integers a, b we have to verify
fi,a+1fi+1,b − vfi,afi+1,b+1 = vfi+1,bfi,a+1 − fi+1,b+1fi,a.
Let us compute matrix coefficients corresponding to the pair [d˜, d˜′ = d˜+ δi,j1 + δi+1,j2 ] for
both sides (here j1 and j2 might be equal).
We have
(fi,a+1fi+1,b−vfi,afi+1,b+1)[d˜,d˜′] = Pv
(
1− si+1,j2s
−1
i,j1
) [
vi(a+1)+(i+1)bsbi+1,j2s
a+1
i,j1
− via+(i+1)(b+1)+1sb+1i+1,j2s
a
i,j1
]
,
(vfi+1,bfi,a+1−fi+1,b+1fi,a)[d˜,d˜′] = P
(
1− v2si+1,j2s
−1
i,j1
) [
vi(a+1)+(i+1)b+1sbi+1,j2s
a+1
i,j1
− via+(i+1)(b+1)sb+1i+1,j2s
a
i,j1
]
,
where
P = t−1i+1t
−1
i v
di+1−di−1+2i(1 − v2)−2si,j1si+1,j2×∏
j1 6=k≤i
(1−si,j1s
−1
i,k )
−1
∏
k≤i−1
(1−si,j1s
−1
i−1,k)×
∏
j2 6=k≤i+1
(1−si+1,j2s
−1
i+1,k)
−1
∏
j1 6=k≤i
(1−si+1,j2s
−1
i,k ).
After dividing both right hand sides by Psa−1i,j1 s
b
i+1,j2
via+(i+1)b we get an equality:
v(visi,j1 − v
i+2si+1,j2)(si,j1 − si+1,j2) = (v
i+1si,j1 − v
i+1si+1,j2 )(si,j1 − v
2si+1,j2 ). 
Let us check (11) for the case k 6= l.
Proof. We have to prove ek,afl,b = fl,bek,a for any integers a, b.
This is obvious when |k − l| > 1, since matrix coefficients in the fixed point basis are the
same. Let us check the only nontrivial case: k = i, l = i+1 (pair (k = i+1, l = i) is analogous).
We consider the pair of fixed points [d˜, d˜′ = d˜− δi,j1 + δi+1,j2 ] (here j1, j2 might be equal).
ei,afi+1,b |[d˜,d˜′]= P (1− si+1,j2s
−1
i,j1
)(1 − v−2si+1,j2s
−1
i,j1
),
fi+1,bei,a |[d˜,d˜′]= P (1− v
−2si+1,j2s
−1
i,j1
)(1− si+1,j2s
−1
i,j1
),
where
P = −t−1i+1t
−1
i v
2di+1−2di+4(1− v2)−2sai,j1s
b
i+1,j2v
a(i+2)+b(i+1)×∏
j2 6=k≤i+1
(1−si+1,j2s
−1
i+1,k)
−1
∏
j1 6=k≤i
(1−si+1,j2s
−1
i,k )×
∏
j1 6=k≤i
(1−s−1i,j1si,k)
−1
∏
j2 6=k≤i+1
(1−s−1i,j1si+1,k).
This completes the proof of equation (11) in the case k 6= l. 
Let us check (14) fourthly. We will prove it only for x−k again.
Proof. We have to prove that for any integers a, b, c and j = i± 1 the following equality holds:
{fi,afi,bfj,c − (v + v
−1)fi,afj,cfi,b + fj,cfi,afi,b}+ {a←→ b} = 0.
Let us consider the case j = i + 1 (the second case is similar). We will show that matrix
coefficients in the fixed point basis of the first bracket are antisymmetric with respect to a
change {a←→ b}.
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a) [d˜, d˜′ = d˜+ δi,j1 + δi,j2 + δi+1,j3 ] (j1 6= j2).
fi,afi,bfi+1,c |[d˜,d˜′]=
Pv2
[
sai,j1s
b
i,j2(1− si+1,j3s
−1
i,j2
)(1− si+1,j3s
−1
i,j1
)(1− si,j2s
−1
i,j1
)−1(1− v2si,j1s
−1
i,j2
)−1 + {j1 ←→ j2}
]
,
fi,afi+1,cfi,b |[d˜,d˜′]=
Pv
[
sai,j1s
b
i,j2(1− v
2si+1,j3s
−1
i,j2
)(1 − si+1,j3s
−1
i,j1
)(1 − si,j2s
−1
i,j1
)−1(1 − v2si,j1s
−1
i,j2
)−1 + {j1 ←→ j2}
]
,
fi+1,cfi,afi,b |[d˜,d˜′]=
P
[
sai,j1s
b
i,j2(1− v
2si+1,j3s
−1
i,j2
)(1− v2si+1,j3s
−1
i,j1
)(1 − si,j2s
−1
i,j1
)−1(1− v2si,j1s
−1
i,j2
)−1 + {j1 ←→ j2}
]
.
Thus:
(fi,afi,bfi+1,c − (v + v
−1)fi,afi+1,cfi,b + fi+1,cfi,afi,b)[d˜,d˜′] = Ps
a
i,j1s
b
i,j2×(
v2(si,j2 − si+1,j3)(si,j1 − si+1,j3)
(si,j1 − si,j2)(si,j2 − v
2si,j1)
−
(1 + v2)(si,j2 − v
2si+1,j3)(si,j1 − si+1,j3)
(si,j1 − si,j2)(si,j2 − v
2si,j1)
+
(si,j2 − v
2si+1,j3)(si,j1 − v
2si+1,j3)
(si,j1 − si,j2)(si,j2 − v
2si,j1)
)
+ {j1 ←→ j2} =
P (1− v2)
si+1,j3s
a
i,j1s
b
i,j2
si,j1 − si,j2
+ {j1 ←→ j2} = Psi+1,j3(1− v
2)
sai,j1s
b
i,j2 − s
b
i,j1s
a
i,j2
si,j1 − si,j2
,
where
P = −t−1i+1t
−2
i v
di+1+di−2di−1+3i−1si,j1si,j2s
c+1
i+1,j3
vc(i+1)+i(a+b)(1− v2)−3
×
∏
k≤i−1
(
(1− si,j2s
−1
i−1,k)(1 − si,j1s
−1
i−1,k)
)
×
∏
j3 6=k≤i+1
(1−si+1,j3s
−1
i+1,k)
−1
∏
j1,j2 6=k≤i
(1−si+1,j3s
−1
i,k )
∏
j1,j2 6=k≤i
(1−si,j2s
−1
i,k )
−1
∏
j1,j2 6=k≤i
(1−si,j1s
−1
i,k )
−1.
We see that
fi,afi,bfi+1,c − (v+ v
−1)fi,afi+1,cfi,b + fi+1,cfi,afi,b |[d˜,d˜′]= Psi+1,j3(1− v
2)
sai,j1s
b
i,j2 − s
b
i,j1s
a
i,j2
si,j1 − si,j2
is antisymmetric with respect to a←→ b.
b) [d˜, d˜′ = d˜+ 2δi,j1 + δi+1,j3 ].
By the same calculation one gets:
(fi,afi,bfi+1,c − (v + v
−1)fi,afi+1,cfi,b + fi+1,cfi,afi,b)[d˜,d˜′] =
P ′
[
v2(1− si+1,j3s
−1
i,j1
)− (1 + v2)(1− v2si+1,j3s
−1
i,j1
) + (1− v4si+1,j3s
−1
i,j1
)
]
= 0,
where
P ′ = −t−1i+1t
−2
i v
di+1+di−2di−1+3i−1sa+b+2i,j1 s
c+1
i+1,j3
vc(i+1)+i(a+b)(1− v2)−3
K-theory of Laumon spaces 11
×
∏
k≤i−1
(
(1 − v−2si,j1s
−1
i−1,k)(1 − si,j1s
−1
i−1,k)
)
×
∏
j3 6=k≤i+1
(1− si+1,j3s
−1
i+1,k)
−1
∏
j1 6=k≤i
(
(1− si+1,j3s
−1
i,k )
−1(1− v−2si,j1s
−1
i,k )(1− si,j1s
−1
i,k )
)−1
.
This completes the proof of (14). 
Now we will introduce the series of operators ϕ±k (z)|Md =
∑±∞
r=0 ϕ
±
k,r |Mdz
−r diagonalizable
in the fixed point basis and satisfying the equation
[x+k (z), x
−
k (w)] =
1
v − v−1
{δ(w/z)ϕ+k (w) − δ(z/w)ϕ
−
k (z)} (20)
We will show that equality (20) determine ϕ±k (z) uniquely up to a particular choice of ϕ
±
i,0
(the latter ambiguity is easily resolved by the formulas of Theorem 2.6 as explained below). Let
us further omit |Md for brevity. Next we will check
ϕsk(z)ϕ
s′
l (w) = ϕ
s′
l (w)ϕ
s
k(z) (21)
(z − v±aklw)ϕsl (z)x
±
k (w) = x
±
k (w)ϕ
s
l (z)(v
±aklz − w) (22)
Finally by showing that ϕ±k (z) = ψ
±
k (z) we will get (9–11) from (20–22).
From Proposition 2.15 one gets that (v− v−1)[x+i (z), x
−
i (w)] is diagonalizable in the fixed
point basis and moreover its eigenvalue at {[d˜]} equals to∑
a,b∈Z
z−aw−bχi,a+b,
where
χi,c = −t
−1
i+1t
−1
i v
di+1−di−1−1(v2 − 1)−1×
∑
j≤i
sij
 ∏
j 6=k≤i
(1− si,js
−1
i,k )
−1 ∏
j 6=k≤i
(1− v2si,ks
−1
i,j )
−1 ∏
k≤i−1
(1− si,js
−1
i−1,k)
∏
k≤i+1
(1 − v2si+1,ks
−1
i,j )(si,jv
i)c−
v2
∏
j 6=k≤i
(1− s−1i,j si,k)
−1 ∏
j 6=k≤i
(1 − v2s−1i,ksi,j)
−1 ∏
k≤i−1
(1 − v2si,js
−1
i−1,k)
∏
k≤i+1
(1 − si+1,ks
−1
i,j )(si,jv
i+2)c
.
So as we want an equality (v − v−1)[x+i (z), x
−
i (w)] = δ
(
z
w
)
ϕ+i (w) − δ
(
w
z
)
ϕ−i (z) =∑
a,b|a+b>0
z−aw−bϕ+i,a+b −
∑
a,b|a+b<0
z−aw−bϕ−i,a+b +
∑
a,b|a+b=0
z−aw−b(ϕ+i,0 − ϕ
−
i,0)
to hold, we determine ϕ+i,s>0, ϕ
−
i,s<0, ϕ
+
i,s=0−ϕ
−
i,s=0 uniquely as they are equal to the correspond-
ing χi,s. Recalling results of [2] we see that equality for ϕ
+
i,0−ϕ
−
i,0 = χi,0 has a particular solution
ϕ+i,0 = tit
−1
i+1v
di+1−2di+di−1−1, ϕ−i,0 = t
−1
i ti+1v
−di+1+2di−di−1+1. This determines all coefficients
of the series ϕ±i (z) (this particular choice of ϕ
±
i,0 is crucial for a verification of ϕ
±
i (z) = ψ
±
i (z)).
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Since all operators ϕ±i,s are diagonalizable in the fixed point basis (21) holds automatically.
So let us check (22), i.e.
(z − vs
′aklw)ϕsl (z)x
s′
k (w) = x
s′
k (w)ϕ
s
l (z)(v
s′aklz − w).
Proof. We will check it for k = l, s = +, s′ = − as all other cases are analogous (the case k 6= l
follows directly from (13) and the construction of ϕ±i (z)).
Now we are computing the matrix coefficients of both sides in the fixed point basis at the
pair [d˜, d˜′ = d˜ + δi,p]. Let us point out that fi,b+1 |[d˜,d˜′]= fi,b |[d˜,d˜′] ·si,pv
i. And as ϕ+i,s≥0 are
diagonalizable in the fixed point basis we just need to verify that for any a ≥ 0 we have:
(ϕ+i,a+1 − v
−2si,pv
iϕ+i,a) |d˜+δi,p= (v
−2ϕ+i,a+1 − si,pv
iϕ+i,a) |d˜ .
a) Case a > 0. Here we use the notations of Proposition 2.21, [2]. Namely, define:
q := v2, sj := sij = t
2
jv
−2di,j , pk := si−1,k = t
2
kv
−2di−1,k , rk := si+1,k = t
2
kv
−2di+1,k .
Then
ϕ+i,a |d˜= P
∏
j≤i
sj
∏
k≤i−1
p−1k
∑
j≤i
s−2j
∏
k≤i+1
(sj − qrk)
∏
k≤i−1
(pk − sj)
∏
j 6=k≤i
(
(sj − qsk)
−1(sk − sj)
−1
)
saj −
q
∑
j≤i
s−2j
∏
k≤i+1
(sj − rk)
∏
k≤i−1
(pk − qsj)
∏
j 6=k≤i
(
(sj − sk)
−1(sk − qsj)
−1
)
(qsj)
a
 .
ϕ+i,a |d˜+δi,p= P
∏
j≤i
sj
∏
k≤i−1
p−1k q
−1
 ∑
p6=j≤i
s−2j
∏
k≤i+1
(sj − qrk)
∏
k≤i−1
(pk − sj)×
∏
j,p6=k≤i
(
(sj − qsk)
−1(sk − sj)
−1
)
(sj − sp)
−1(q−1sp − sj)
−1saj−
q
∑
p6=j≤i
s−2j
∏
k≤i+1
(sj − rk)
∏
k≤i−1
(pk − qsj)×∏
j,p6=k≤i
(
(sj − sk)
−1(sk − qsj)
−1
)
(sj − q
−1sp)
−1(q−1sp − qsj)
−1(qsj)
a+
s−2p q
2
∏
k≤i+1
(q−1sp − qrk)
∏
k≤i−1
(pk − q
−1sp)
∏
p6=k≤i
(
(q−1sp − qsk)
−1(sk − q
−1sp)
)
(q−1sp)
a−
qs−2p q
2
∏
k≤i+1
(q−1sp − rk)
∏
k≤i−1
(pk − sp)
∏
p6=k≤i
(
(q−1sp − sk)
−1(sk − sp)
−1
)
sap
 ,
where P = −t−1i+1tiv
di+1−di−1−1+ia(v2 − 1)−1.
Hence:
(v−2ϕ+i,a+1 − spv
iϕ+i,a) |d˜= Pv
i
∏
j≤i
sj
∏
k≤i−1
p−1k
 ∑
p6=j≤i
s−2j
∏
k≤i+1
(sj − qrk)
∏
k≤i−1
(pk − sj)×
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∏
j 6=k≤i
(
(sj − qsk)
−1(sk − sj)
−1
)
(q−1sj − sp)s
a
j−
q
∑
p6=j≤i
s−2j
∏
k≤i+1
(sj − rk)
∏
k≤i−1
(pk − qsj)
∏
j 6=k≤i
(
(sj − sk)
−1(sk − qsj)
−1
)
(sj − sp)(qsj)
a+
s−2p
∏
k≤i+1
(sp − qrk)
∏
k≤i−1
(pk − sp)
∏
p6=k≤i
(
(sp − qsk)
−1(sk − sp)
−1
)
(q−1 − 1)sa+1p
 .
(ϕ+i,a+1−v
−2spv
iϕ+i,a) |d˜+δi,p= Pv
i
∏
j≤i
sj
∏
k≤i−1
p−1k q
−1
 ∑
p6=j≤i
s−2j
∏
k≤i+1
(sj − qrk)
∏
k≤i−1
(pk − sj)×
∏
j,p6=k≤i
(
(sj − qsk)
−1(sk − sj)
−1
)
(sj − sp)
−1(q−1sp − sj)
−1(sj − q
−1sp)s
a
j−
q
∑
p6=j≤i
s−2j
∏
k≤i+1
(sj − rk)
∏
k≤i−1
(pk − qsj)×
∏
j,p6=k≤i
(
(sj − sk)
−1(sk − qsj)
−1
)
(sj − q
−1sp)
−1(q−1sp − qsj)
−1(qsj − q
−1sp)(qsj)
a−
qs−2p q
2
∏
k≤i+1
(q−1sp − rk)
∏
k≤i−1
(pk − sp)
∏
p6=k≤i
(
(q−1sp − sk)
−1(sk − sp)
−1
)
(1− q−1)sa+1p
 .
It is straightforward to check that these two expressions coincide.
b) Case a = 0. In this case, the same argument as used in a) shows
(χi,1 − v
−2si,pv
iχi,0) |d˜+δi,p= (v
−2χi,1 − si,pv
iχi,0) |d˜ .
Since ϕ+i,0 = χi,0 + ϕ
−
i,0, ϕ
+
i,1 = χi,1, it suffices to verify v
−2ϕ−i,0 |d˜+δi,p= ϕ
−
i,0 |d˜, which follows
directly from the formula ϕ−i,0 |d˜= t
−1
i ti+1v
−di+1+2di−di−1+1. 
Finally, we rewrite formulas for ϕ±i (z). According to (22), for any a > 0 we have:
(ϕ+l,a+1 − v
−ak,l t2pv
−2dk,pvkϕ+l,a) |d˜+δk,p= (v
−ak,lϕ+l,a+1 − t
2
pv
−2dk,pvkϕ+l,a) |d˜,
i.e.
ϕ+l (z)(1− t
2
pv
−ak,l−2dk,p+kz−1) |d˜+δk,p= ϕ
+
l (z)(v
−ak,l − t2pv
−2dk,p+kz−1) |d˜ .
This is especially interesting whenever ak,l 6= 0 providing the following equalities:
ϕ+l (z) |d˜+δl+1,p
ϕ+l (z) |d˜
= v
1− z−1vlt2pv
−2dl+1,p
1− z−1vl+2t2pv
−2dl+1,p
(23)
ϕ+l (z) |d˜+δl−1,p
ϕ+l (z) |d˜
= v
1− z−1vl−2t2pv
−2dl−1,p
1− z−1vlt2pv
−2dl−1,p
(24)
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ϕ+l (z) |d˜+δl,p
ϕ+l (z) |d˜
= v−2
1− z−1vl+2t2pv
−2dl,p
1− z−1vl−2t2pv
−2dl,p
(25)
Let d˜0 = (di,j = 0|∀ i, j), then recalling the definition of ϕ
+
i (z) we get
ϕ+i (z) |d˜0= t
−1
i+1tiv
−1 − t−1i+1t
−1
i v
−1(v2 − 1)−1t2i×∑
a≥1
∏
k≤i−1
(1− t2i t
−2
k )
−1
∏
k≤i−1
(1− v2t2kt
−2
i )
−1
∏
k≤i−1
(1− t2i t
−2
k )
∏
k≤i+1
(1 − v2t2kt
−2
i )(t
2
i v
iz−1)a =
t−1i+1tiv
−1−t−1i+1tiv
−1(v2−1)−1(1−v2)(1−t2i+1t
−2
i v
2)
t2i v
iz−1
1− t2i v
iz−1
= t−1i+1tiv
−1(1−t2i+1v
i+2z−1)(1−t2i v
iz−1)−1.
So
ϕ+i (z) |d˜0= t
−1
i+1tiv
−1(1− t2i+1v
i+2z−1)(1 − t2i v
iz−1)−1. (26)
The following formula is a direct consequence of (23–26):
ϕ+i (z) = t
−1
i+1tiv
di+1−2di+di−1−1
(
ai+1(zv
−i−2)ai−1(zv
−i)ai(zv
−i−2)−1ai(zv
−i)−1
)+
, (27)
aj(z) |d˜:=
∏
p≤j
(1− z−1t2pv
−2dj,p). (28)
Comparing (27–28) to Proposition 2.15b), we get ϕ+i (z) = ψ
+
i (z). Analogously: ϕ
−
i (z) = ψ
−
i (z).
Theorem 2.12 is proved.
4. Parabolic sheaves and quantum toroidal algebra
In this section we generalize our previous results to the affine setting.
4.1. Parabolic sheaves
We recall the setup of section 3 of [2]. Let X be another smooth projective curve of genus zero.
We fix a coordinate y on X, and consider the action of C∗ on X such that c(y) = c−2y. We
have XC
∗
= {0X,∞X}. Let S denote the product surface C ×X. Let D∞ denote the divisor
C×∞X ∪∞C ×X. Let D0 denote the divisor C× 0X.
Given an n-tuple of nonnegative integers d = (d0, . . . , dn−1), a parabolic sheaf F• of degree
d is an infinite flag of torsion free coherent sheaves of rank n on S : . . . ⊂ F−1 ⊂ F0 ⊂ F1 ⊂ . . .
such that:
(a) Fk+n = Fk(D0) for any k;
(b) ch1(Fk) = k[D0] for any k: the first Chern classes are proportional to the fundamental
class of D0;
(c) ch2(Fk) = di for i ≡ k (mod n);
(d) F0 is locally free at D∞ and trivialized at D∞ : F0|D∞ =W ⊗ OD∞ ;
(e) For −n ≤ k ≤ 0 the sheaf Fk is locally free at D∞, and the quotient sheaves
Fk/F−n, F0/Fk (both supported at D0 = C × 0X ⊂ S) are both locally free at the point
∞C × 0X; moreover, the local sections of Fk|∞C×X are those sections of F0|∞C×X =W ⊗ OX
which take value in 〈w1, . . . , wn+k〉 ⊂W at 0X ∈ X.
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The fine moduli space Pd of degree d parabolic sheaves exists and is a smooth connected
quasiprojective variety of dimension 2d0 + · · ·+ 2dn−1.
4.2. Fixed points
The group T˜ ×C∗×C∗ acts naturally on Pd, and its fixed point set is finite. In order to describe
it, we recall the well known description of the fixed point set of a C∗×C∗-action on the Hilbert
scheme of points of (C−∞C)× (X−∞X) ∼= C
2. The latter fixed points are parameterized by
the Young diagrams, and for a diagram λ = (λ0 ≥ λ1 ≥ . . .) (where λN = 0 for N ≫ 0) the
corresponding fixed point is the ideal Jλ = C[z] · (Cy
0zλ0 ⊕ Cy1zλ1 ⊕ · · · ). We will view Jλ as
an ideal in OC×X coinciding with OC×X in a neighborhood of infinity.
Notation: We say λ ⊃ µ if λi ≥ µi for any i ≥ 0. We say λ⊃˜µ if λi ≥ µi+1 for any i ≥ 0.
Consider a collection λ = (λkl)1≤k,l≤n of Young diagrams satisfying the following conditions:
λ11 ⊃ λ21 ⊃ · · · ⊃ λn1⊃˜λ11; λ22 ⊃ λ32 ⊃ · · · ⊃ λ12⊃˜λ22; . . . ; λnn ⊃ λ1n ⊃ · · · ⊃ λn−1,n⊃˜λnn
(29)
We set dk(λ) =
∑n
l=1 |λ
kl|, and d(λ) = (d0(λ) := dn(λ), . . . , dn−1(λ)).
Given such a collection λ we define a parabolic sheaf F• = F•(λ), or just λ by an abuse
of notation, as follows: for 1 ≤ k ≤ n we set
Fk−n =
⊕
1≤l≤k
Jλklwl ⊕
⊕
k<l≤n
Jλkl(−D0)wl (30)
The following result is Lemma 3.3 of [4]:
Lemma 4.3. The correspondence λ 7→ F•(λ) is a bijection between the set of collections λ
satisfying (29) such that d(λ) = d, and the set of T˜ × C∗ × C∗-fixed points in Pd.
4.4. Another realization of parabolic sheaves
We will now introduce a different realization of parabolic sheaves, and another parametrization
of the fixed point set which is very closely related to this new realization. This construction
originates from the work of Biswas [1]. Let σ : C×X→ C×X denote the map σ(z, y) = (z, yn),
and let G = Z/nZ. Then G acts on C×X by multiplying the coordinate on X with the n−th
roots of unity.
A parabolic sheaf F• is completely determined by the flag of sheaves
F0(−D0) ⊂ F−n+1 ⊂ · · · ⊂ F0,
satisfying conditions 4.1(a–e). To F• we can associate a single, G-invariant sheaf F˜ on C×X:
F˜ = σ∗F−n+1 + σ
∗
F−n+2(−D0) + · · ·+ σ
∗
F0(−(n− 1)D0).
This sheaf will have to satisfy certain numeric and framing conditions that mimick
conditions 4.1(b)–(e) (they are explicitly written in [4]). Conversely, any G-invariant sheaf F˜
that satisfies those numeric and framing conditions will determine a unique parabolic sheaf.
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If F• is a T˜ × C
∗ × C∗ fixed parabolic sheaf corresponding to a collection λ as in the
previous section, then we have
F˜ =
n⊕
l=1
Jλl(−(l − 1)D0)wl, (31)
where (λ1, . . . , λn) is a collection of partitions, given by
λl
ni−n⌊ k−l
n
⌋+k−l
= λkli . (32)
Here ⌊k−ln ⌋ stands for the maximal integer smaller than or equal to
k−l
n .
For j ∈ Z, let (j mod n) denote an element of {1, . . . , n} which is congruent to j modulo
n. For i ≥ j ∈ Z, we define
dij = λ
j mod n
i−j (33)
This construction provides a collection (dij) = d˜ = d˜(λ) of non-negative integers with the
properties that
dkj ≥ dij ∀i ≥ k ≥ j; di+n,j+n = dij ∀i ≥ j; dij = 0 for i− j ≫ 0. (34)
For 1 ≤ k ≤ n, we have
dk(d˜) =
∑
j≤k
dkj =
n∑
l=1
∑
i≤⌊ k−l
n
⌋
dk,l+ni =
n∑
l=1
∑
i≥0
λl
ni−n⌊ k−l
n
⌋+k−l
=
n∑
l=1
∑
i≥0
λkli = dk(λ).
Summarizing the above discussion, we have:
Lemma 4.5. The correspondence λ 7→ d˜(λ) is a bijection between the set of collections λ satis-
fying (29), and the set D of collections d˜ satisfying (34). We have d(λ) = d(d˜(λ)).
By virtue of Lemmas 4.3 and 4.5 we will parameterize and sometimes denote the T˜ ×C∗×
C∗-fixed points in Pd by collections d˜ such that d = d(d˜).
Notation: In what follows, given a collection d˜ as above we will denote by d˜ + δi,j the
collection d˜′, such that d˜′i+ns,j+ns = d˜i,j + 1 (∀s ∈ Z), while d˜
′
p.q = d˜p,q for all other (p, q).
4.6. Correspondences
If the collections d and d′ differ at the only place i ∈ I := Z/nZ, and d′i = di+1, then we consider
the correspondence Ed,i ⊂ Pd×Pd′ formed by the pairs (F•,F
′
•) such that for j 6≡ i (mod n) we
have Fj = F
′
j , and for j ≡ i (mod n) we have F
′
j ⊂ Fj . It is a smooth quasiprojective algebraic
variety of dimension 2
∑
i∈I di + 1.
We denote by p (resp. q) the natural projection Ed,i → Pd (resp. Ed,i → Pd′). For j ≡ i
(mod n) the correspondence Ed,i is equipped with a natural line bundle Lj whose fiber at
(F•,F
′
•) equals Γ(C,Fj/F
′
j). Finally, we have a transposed correspondence
T
Ed,i ⊂ Pd′ × Pd.
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4.7. Direct sum of equivariant K-groups
We denote by ′V the direct sum of equivariant (complexified) K-groups:
′V = ⊕dK
T˜×C∗×C∗(Pd).
It is a module over K T˜×C
∗×C∗(pt) = C[T˜ × C∗ × C∗] = C[x1, . . . , xn, v, u]. Here u corresponds
to a character (x1, . . . , xn, v, u) 7→ u. We define
V = ′V ⊗KT˜×C∗×C∗ (pt) Frac(K
T˜×C∗×C∗(pt)).
It is graded by V = ⊕dVd, Vd = K
T˜×C∗×C∗(Pd)⊗KT˜×C∗×C∗ (pt) Frac(K
T˜×C∗×C∗(pt)).
4.8. Action of a quantum affine group on V
The grading and the correspondences TEd,i,Ed,i give rise to the following operators on V (note
that though p is not proper, p∗ is well defined on the localized equivariant K-theory due to
the finiteness of the fixed point set of T˜ × C∗ × C∗):
ki = t
−1
i+1tiu
−δi,nv−2di+di−1+di+1−1 : Vd → Vd (35)
ei = t
−1
i+1v
di+1−di−i+1p∗q
∗ : Vd → Vd−i (36)
fi = −t
−1
i u
−δi,nvdi−di−1+iq∗(Li−n ⊗ p
∗) : Vd → Vd+i (37)
According to the Conjecture 3.7 of [2] the following theorem holds:1
Theorem 4.9. For n > 2, these operators ki, ei, fi (1 ≤ i ≤ n) satisfy the relations in Uv(ŝln),
i.e. they give rise to an action of a quantum affine group Uv(ŝln) on V .
Since the fixed point basis of M corresponds to the Gelfand-Tsetlin basis of the universal
Verma module over Uv(gln), we propose to call the fixed point basis of V the affine Gelfand-
Tsetlin basis.
4.10. Quantum toroidal algebra
Let (akl)1≤k,l≤n = Ân−1 stand for the Cartan matrix of ŝln. The double affine loop algebra
U ′v(ŝln) is an associative algebra over Q(v) generated by ek,r, fk,r, v
±hk , hk,m (1 ≤ k ≤ n, r ∈
Z,m ∈ Z \ {0}) with the relations (9–14), where k, l are understood as residues modulo n, so
that for instance if k = n then k + 1 = 1.
The quantum toroidal algebra U¨v(ŝln) is an associative algebra over C(u, v) generated by
ek,r, fk,r, v
±hk , hk,m (1 ≤ k ≤ n, r ∈ Z,m ∈ Z \ {0}) with the same relations as in U
′
v(ŝln)
except for relations (10, 13) for the pairs (k, l) = (1, n), (n, 1). These relations are modified as
follows. We introduce the shifted generating series xˆ±n (z) := x
±
n (zv
nu2), ψˆ±n (z) = ψ
±
n (zv
nu2).
Now the new relations read
xˆ±n (z)x
±
1 (w)(z − v
∓1w) = (v∓1z − w)x±1 (w)xˆ
±
n (z), (38)
ψˆsn(z)x
±
1 (w)(z − v
∓1w) = x±1 (w)ψˆ
s
n(z)(v
∓1z − w), (39)
1 Actually, (35–37) differ from formulas in [2] by a slight rescaling. We prefer those, since they are simpler.
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ψs1(z)xˆ
±
n (w)(z − v
∓1w) = xˆ±n (w)ψ
s
1(z)(v
∓1z − w). (40)
Thus we have U ′v(ŝln) =U¨v(ŝln)/(v
nu2 = 1).
Note that U¨v(ŝln) coincides with U¨
′–modification of U¨ introduced in [17], with d not
specialized to a complex number and with the central element c = 1, via the isomorphism
U¨v(ŝln)
Φ
→ U¨′, such that Φ(v) = v and Φ(u) = d
n
2 v−
n
2 . It is defined on the generating series as
Φ(x+i (z)) = e
±
i−1(d
−iz), Φ(x−i (z)) = f
±
i−1(d
−iz), Φ(ψ±i (z)) = k
±
i−1(d
−iz).
4.11. Main theorem
For any m < i ∈ Z we will denote by Wmi the quotient Fi/Fm of the tautological vector
bundles, living on Pd×C ⊂ Pd×S. Once again, pi : Pd× (C\{∞})→ Pd denotes the standard
projection. Let us consider the generating series:
bmi(z) := Λ
•
−1/z(pi∗(Wmi |C\{∞})) : Vd → Vd[[z
−1]]
Corollary 4.12. The expression bmi(zv
−i−2)−1bmi(zv
−i)−1bm,i−1(zv
−i)bm,i+1(zv
−i−2) is in-
dependent of the choice of m.
Proof is analogous to the proof of Corollary 2.16.
We will denote by ψ±i (z) the common value of the expressions
t−1i+1tiu
−δi,nvdi+1−2di+di−1−1
(
bm,i−n(zv
−i−2)−1bm,i−n(zv
−i)−1bm,i−1−n(zv
−i)bm,i+1−n(zv
−i−2)
)±
.
(41)
Recall that v stands for the character of T˜ × C∗ × C∗ : (t, v, u) 7→ v. We define the line
bundle L′k := v
k
Lk on the correspondence Ed,k, that is L
′
k and Lk are isomorphic as line bundles
but the equivariant structure of L′k is obtained from the equivariant structure of Lk by the twist
by the character vk.
For 1 ≤ k ≤ n we consider the following generating series of operators on V :
ψ±k (z) =:
±∞∑
r=0
ψ±k,rz
∓r : Vd → Vd[[z
∓1]] (42)
x+k (z) =
∞∑
r=−∞
ek,rz
−r : Vd → Vd−k[[z, z
−1]] (43)
x−k (z) =
∞∑
r=−∞
fk,rz
−r : Vd → Vd+k[[z, z
−1]] (44)
ek,r := t
−1
k+1v
dk+1−dk+1−kp∗((L
′
k−n)
⊗r ⊗ q∗) : Vd → Vd−k (45)
fk,r := −t
−1
k u
−δk,nvdk−dk−1+kq∗(Lk−n ⊗ (L
′
k−n)
⊗r ⊗ p∗) : Vd → Vd+k (46)
Theorem 4.13. These generating series of operators ψ±k (z), x
±
k (z) on V defined in (41–46)
satisfy the relations in U¨v(ŝln), i.e. they give rise to an action of U¨v(ŝln) on V .
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First, we compute the matrix coefficients of operators ei,r, fi,r and the eigenvalues of
ψ±i (z). For accomplishing this goal we need to know the torus character in the tangent space
to Ed,i (and Pd) at the torus fixed point given by indices d˜, d˜′ (and d˜ correspondingly). These
characters are computed in [4] (see Propositions 4.15, 4.21 and Remark 4.17 of loc. cit.):
Proposition 4.14. a) The torus character in the tangent space to Ed,i at the torus fixed point
given by indices d˜, d˜′ equals
n∑
k=1
l′≤k−1∑
l≤k
t2l
t2l′
·v2
(v2d(k−1)l′ − 1)(v−2dkl − 1)
v2 − 1
·u2⌊
−l′
n
⌋−2⌊−l
n
⌋+
n∑
k=1
∑
l′≤k−1
t2k
t2l′
·v2
v2d(k−1)l′ − 1
v2 − 1
·u2⌊
−l′
n
⌋−2⌊−k
n
⌋−
−
n∑
k=1
l′≤k∑
l≤k
t2l
t2l′
·v2
(v2dkl′ − 1)(2−2dkl − 1)
v2 − 1
·u2⌊
−l′
n
⌋−2⌊−l
n
⌋−
n∑
k=1
∑
l≤k
t2l
t2k
·v2
v−2dkl − 1
v2 − 1
·u2⌊
−k
n
⌋−2⌊−l
n
⌋+
+v2−v−2dij+2d(i−1)j+
t2j
t2i
·v−2dij+2dii ·u2⌊
−i
n
⌋−2⌊−j
n
⌋+
∑
j 6=k≤i−1
t2j
t2k
·v−2dij ·(v2dik−v2d(i−1)k)·u2⌊
−k
n
⌋−2⌊−j
n
⌋
if d˜′ = d˜+ δi,j for certain j ≤ i.
b) The torus character in the tangent space to Pd at the torus fixed point d˜ equals
n∑
k=1
l′≤k−1∑
l≤k
t2l
t2l′
·v2
(v2d(k−1)l′ − 1)(v−2dkl − 1)
v2 − 1
·u2⌊
−l′
n
⌋−2⌊−l
n
⌋+
n∑
k=1
∑
l′≤k−1
t2k
t2l′
·v2
v2d(k−1)l′ − 1
v2 − 1
·u2⌊
−l′
n
⌋−2⌊−k
n
⌋−
−
n∑
k=1
l′≤k∑
l≤k
t2l
t2l′
·v2
(v2dkl′ − 1)(v−2dkl − 1)
v2 − 1
·u2⌊
−l′
n
⌋−2⌊−l
n
⌋−
n∑
k=1
∑
l≤k
t2l
t2k
·v2
v−2dkl − 1
v2 − 1
·u2⌊
−k
n
⌋−2⌊−l
n
⌋
So analogously to Theorem 3.17 ([4]) we get the following proposition
Proposition 4.15. Define pi,j := t
2
j (mod n)v
−2diju−2⌊
−j+n
n
⌋ = t2j (mod n)v
−2diju2⌈
j−n
n
⌉.
a) The matrix coefficients of the operators fi,r, ei,r in the fixed point basis {[d˜]} of V are
as follows:
fi,r[d˜,d˜′] = −t
−1
i u
−δi,nvdi−di−1+ipi,j(pi,jv
i)r(1− v2)−1
∏
j 6=k≤i
(1− pi,jp
−1
i,k )
−1
∏
k≤i−1
(1− pi,jp
−1
i−1,k)
if d˜′ = d˜+ δi,j for certain j ≤ i;
ei,r[d˜,d˜′] = t
−1
i+1v
di+1−di+1−i(pi,jv
i+2)r(1− v2)−1
∏
j 6=k≤i
(1− pi,kp
−1
i,j )
−1
∏
k≤i+1
(1 − pi+1,kp
−1
i,j )
if d˜′ = d˜− δi,j for certain j ≤ i.
All the other matrix coefficients of ei,r, fi,r vanish.
b) The eigenvalue of ψ±i (z) on {[d˜]} equals
tiv
di+1−2di+di−1−1
ti+1uδi,n
∏
j≤i
(1−z−1vi+2pi,j)
−1(1−z−1vipi,j)
−1
∏
j≤i+1
(1−z−1vi+2pi+1,j)
∏
j≤i−1
(1−z−1vipi−1,j),
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where it is expanded in z∓1 depending on the sign ±.
Remark 4.16. These formulas are the same as in Proposition 2.15 with the change si,j  pi,j
and the factor u−δi,n appearing in ψ±i (z), fi(z).
Proof of Theorem 4.13. For any k ∈ Z we define x±k (z), ψ
±
k (z) by the same formulas (41–46)
with δk,n being changed to δk (mod n),0.
First, because of the above remark and our computational proof of Theorem 2.12, relations
(9–14) still hold. Indeed, relations (12–14) are verified along the same lines with just pi,j instead
of si,j . Similarly with (9–10). The only nontrivial equality is ψ
+
i,0 − ψ
−
i,0 = χi,0, where χi,0 is
defined in the same way with pij ’s instead of sij ’s. However, it is a statement of Theorem 4.9.
2
The relation (11) follows.
So the only thing left is to verify relations (38–40). Let us point out that pi+n,j+n = u
2pi,j
for all i, j. Hence formulas of Proposition 4.15 imply that for any k ∈ Z:
ψ±k (z) = ψ
±
k+n(v
nu2z), x+k (z) = v
n · x+k+n(v
nu2z), x−k (z) = v
−nu−2 · x−k+n(v
nu2z).
In particular, we get
ψˆ±n (z) = ψ
±
0 (z), xˆ
+
n (z) = v
−nx+0 (z), xˆ
−
n (z) = v
nu2x−0 (z).
Now relations (38–40) follow again from Theorem 2.12 and the above remark. 
4.17. Specialization of Gelfand-Tsetlin basis
We fix a positive integer K (a level). We consider an n-tuple µ = (µ1−n, . . . , µ0) ∈ Z
n such that
µ0+K ≥ µ1−n ≥ µ2−n ≥ . . . ≥ µ−1 ≥ µ0. We view µ as a dominant (integrable) weight of ĝln of
level K. We extend µ to a nonincreasing sequence µ˜ = (µ˜i)i∈Z setting µ˜i := µi (mod n)+⌊
−i
n ⌋K.
We define a subset D(µ) (affine Gelfand-Tsetlin patterns) of the set D of all collections d˜
satisfying the conditions (34) as follows:
d˜ ∈ D(µ) iff dij − µ˜j ≤ di+l,j+l − µ˜j+l ∀ j ≤ i, l ≥ 0. (47)
We specialize the values of t1, . . . , tn, v, u so that
u = v−K−n, tj = v
µ˜j−j+1. (48)
We define the renormalized vectors
〈d˜〉 := C−1
d˜
[d˜] (49)
where Cd˜ is the product
∏
w∈T
d˜
Pd
(1−w) and w runs over all T˜ ×C∗ ×C∗-weights in the
tangent space to Pd at the point d˜. The explicit formula for the multiset {w} is provided by
Proposition 4.14b).
2 Actually, it reduces to the equality from the proof of Proposition 2.21, [2]. The point why u−δi,n appears now
is that
∏
j≤i+1 pi+1,j
∏
j≤i p
−1
i,j = t
2
i+1u
2⌈ i+1−n
n
⌉
v2di−2di+1 , while for si,j we had the same equality without
u
2⌈ i+1−n
n
⌉.
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Proposition 4.18. The only nonzero matrix coefficients of the operators fi,r, ei,r in the renor-
malized fixed point basis {〈d˜〉} of V are as follows:
ei,r〈d˜+δi,j ,d˜〉 = t
−1
i+1v
di+1−di−i(pi,jv
i)r(1− v2)−1
∏
j 6=k≤i
(1− pi,jp
−1
i,k )
−1
∏
k≤i−1
(1− pi,jp
−1
i−1,k),
fi,r〈d˜−δi,j ,d˜〉 = −t
−1
i u
−δi,nvdi−di−1−1+ipi,jv
2(pi,jv
i+2)r(1−v2)−1
∏
j 6=k≤i
(1−pi,kp
−1
i,j )
−1
∏
k≤i+1
(1−pi+1,kp
−1
i,j ).
Proof. According to Proposition 4.15, matrix coefficients ei,r [d˜′,d˜] (fi,r [d˜′,d˜]) are nonzero only if
d˜
′
= d˜+ δi,j (d˜
′
= d˜− δi,j) for some j ≤ i. In those cases they are given by the Bott-Lefschetz
fixed point formula:
e
i,r[d˜
′
,d˜]
= t−1i+1v
di+1−di−i(t2jv
−2diju2⌈
j−n
n
⌉vi)r
∏
w∈T
d˜
′Pd′
(1− w)
∏
w∈T
(d˜,d˜′)
Ed,i
(1 − w)
;
f
i,r[d˜
′
,d˜]
= −t−1i u
−δi,nvdi−di−1−1+i(t2jv
−2dij+2u2⌈
j−n
n
⌉)(t2jv
−2dij+2u2⌈
j−n
n
⌉vi)r
∏
w∈T
d˜
′Pd′
(1− w)
∏
w∈T
(d˜,d˜′)
Ed,i
(1 − w)
.
So after renormalizing vectors according to (49) we have:
e
i,r〈d˜′,d˜〉
= −f
i,r[d˜,d˜′]
tit
−1
i+1u
δi,nvdi+1−2di+di−1−2i(t2jv
−2diju2⌈
j−n
n
⌉)−1,
f
i,r〈d˜,d˜′〉
= −e
i,r[d˜′,d˜]
t−1i ti+1u
−δi,nv−di+1+2di−di−1+2i(t2jv
−2diju2⌈
j−n
n
⌉).
Now, the statement follows from Proposition 4.15. 
We define V (µ) as the C(v)–linear span of the vectors 〈d˜〉 for d˜ ∈ D(µ).
Theorem 4.19. Formulas of Theorem 4.13 give rise to the action of U¨v(ŝln)/(u − v
−K−n) in
V (µ).
Proof. Analogously to Theorem 3.23, [4], we have to check two things:
(i) for d˜ ∈ D(µ) the denominators of the matrix coefficients ei,r〈d˜,d˜′〉, fi,r〈d˜,d˜′〉 do not vanish;
(ii) for d˜ ∈ D(µ), d˜′ 6∈ D(µ) the numerators of the matrix coefficients ei,r〈d˜,d˜′〉, fi,r〈d˜,d˜′〉 do
vanish.
Both verifications are straightforward and we will sketch only those for ei,r operators.
3
Under the above specialization, for j = nj0 + j1 (j0 ∈ Z, 1 ≤ j1 ≤ n), we get
pi,j = v
2µ˜j1−2j1+2−2di,j−2j0(K+n) = v2(µ˜j−j−di,j+1).
(i) We need to show µ˜j− j−di,j 6= µ˜k−k−di,k−1, ∀k ≤ i, for d˜ ∈ D(µ), such that d˜−δ
j
i ∈ D.
3 We choose to provide some details of the verification, since they were missing in [4].
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◦ If j ≤ k ≤ i, then di,j − µ˜j ≤ di+k−j,k − µ˜k ≤ di,k − µ˜k and j < k + 1, implying the result.
◦ If k < j ≤ i, then di,k − µ˜k ≤ di+j−k,j − µ˜j ≤ di,j − µ˜j and k + 1 ≤ j. This implies
di,k− µ˜k+k+1 ≤ di,j − µ˜j + j. However, if the equality happens above, then we have j = k+1
and di+j−k,j = di,j , that is di+1,j = di,j . But this contradicts our assumption d˜− δ
j
i ∈ D.
(ii) We need to prove an existence of k ≤ i− 1 satisfying µ˜j − j − di,j = µ˜k − k− di−1,k − 1 for
d˜ ∈ D(µ), such that d˜− δji ∈ D\D(µ).
Recalling the definition of D(µ), the latter condition on d˜ guarantees di−l,j−l − µ˜j−l =
di,j − µ˜j for some l ≥ 1 and so di−1,j−1 − µ˜j−1 = di,j − µ˜j . Thus, picking k := j − 1 works. 
Restricting V (µ) to the subalgebra of U¨v(ŝln), generated by {ei,0, fi,0, v
±hi}1≤i≤n which
is isomorphic to Uv(ŝln) (called horizontal in [17]) we obtain the same named Uv(ŝln)-module
with the Gelfand-Tsetlin basis parameterized by D(µ). Recall that in the proof of Theorem
3.22, [4], there was constructed a bijection between D(µ) and Tingley’s crystal Bµ of cylindric
plane partitions model of section 4 [15]. This answers Tingley’s Question 1 ([15], p.38).
Finally we formulate a conjecture:
Conjecture 4.20. U¨v(ŝln)/(u−v
−K−n)–module V (µ) is isomorphic to Uglov-Takemura module,
constructed in [16].
It seems likely that these U¨v(ŝln)–modules are obtained by the application of the Schur
functor ([7]) to the irreducible X-semisimple modules over the double affine Cherednik algebra
H¨n(v) of type An−1, see [14].
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